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Abstract 



We introduce a new real valued invariant for finitely presented groups called 
residual deficiency. Its main property is the following. Let G be a finitely presented 
group. If the residual deficiency of G is greater than one, then G has a finite index 
Ph . subgroup with deficiency greater than one. The latter property is strong. For 

\^ ' instance, such a group is large ([5]), has positive rank gradient and positive first 

L^-Betti number, among other properties. 

We also compute the residual deficiency of some well known families of pre- 
sentations, prove that residual deficiency minus one is supermultiplicative with 
respect to finite index normal subgroups and find lower bounds for the residual 
deficiency of quotients. 



1 Introduction 



We say a group G is large if it contains a finite index subgroup which surjects onto 

^^ . the non-abelian free group of rank 2. Such property, introduced in [31], is invariant 

f— ^ I under finite index subgroups, finite index supergroups and prequotients. Being large 

cn ' is a strong property, it imphes that the group in question contains a non-abehan free 

subgroup [29], that it is 5(5-universal ([31]) (every countable group is a subgroup of 

a quotient of G), it has subgroups with arbitrarily large first Betti number [23], has 

^ ' uniformly exponential word growth [16], as well as subgroup growth of strict type n" 

H ■ [24], among other properties. 

In this paper, we introduce a new real valued invariant for finitely presented groups 
which we call residual deficiency. Let G be a finitely presented group, then the main 
property of the residual deficiency of G is that it helps construct a lower bound for the 
deficiency of some finite index subgroups of G. This is useful because it helps detect 
largeness and study the class of finitely presented large groups, as we now explain. 

Deficiency and largeness were first related in [5] by B. Baumslag and S. Pride. The 
result says that any group with deficiency greater than one is large. Largeness is invari- 
ant under finite index supergroups. Hence, if G is a group with a finite index subgroup 
H which has deficiency greater than one, then G is also large. Therefore, looking at 
the deficiency of finite index subgroups of a group G can help detect largeness. 

Having a finite index subgroup with deficiency greater than one is much stronger 
than being large. By recent results of L Agol ([2]), the fundamental group of a closed, 
orientable, hyperbolic 3-dimensional manifold is large. By results in [13], we know that 
these groups, along with all its finite index subgroups have deficiency zero. This gives 



a substantial collection of finitely presented groups which are large but do not have a 
finite index subgroup with deficiency greater than one. Therefore, the latter property 
is only enjoyed by some large groups and hence can be used to study the class of large 
finitely presented groups. 

In Section 2 we introduce real valued submultiplicative and supermultiplicative 
invariants. A real valued invariant /, submultiplicative with respect to finite index 
subgroups, is one such that given a finite index subgroup H in G satisfies 

'^^^ </(G). (1) 



Given an invariant / as above, C.T.C. Wall considered the following gradient ([38]) 

KH 



I{G) = inf , ,^ ^, 
HiiG \\G : H\ 

f 

He remarked that such invariant satisfies 

m = 1^, (3) 

where if is a finite index subgroup of G, though he did not prove it. This property 
characterises what he defined in [38] as generalised Euler characteristics. If the in- 
equality in eq. (1) is inverted, we obtain a supermultiplicative invariant with respect 
to finite index subgroups. In this case, a gradient is defined by taking the supremum 
rather than the infimum. 

Many examples of submultiplicative and supermultiplicative invariants can be found 
in the literature. For instance, consider the rank of a group G, which we denote by 
d{G). Subtracting 1 from d{G) gives a submultiplicative invariant. Its associated 
gradient is called the rank gradient which we denote by RG{G). Subtracting 1 from 
the deficiency of a finitely presented group G is an example of a supermultiplicative 
invariant. We call the gradient obtained from this the deficiency gradient which we 
denote by DG{G). In Section 2 we prove the equality of eq. (3), give an overview of 
some of these invariants and says how they relate to one another. 

Section 3 starts by defining the residual deficiency of a finitely presented group. We 
prove its main property which is that it helps construct a lower bound for the deficiency 
of some finite index subgroups of the group. We then relate it to the gradients studied 
in Section 2 and compute the residual deficiency of some well known families of finite 
presentations. For example, families of presentations which define generalised triangle 
groups, Coxeter groups and generalised tetrahedral groups. 

In Section 4 we prove that the residual deficiency of G minus 1 is a supermultiplica- 
tive invariant with respect to finite index normal subgroups. That is 

.•*/(G) - 1 < '-"'jg^^i'' , (4) 

where H is a finite index normal subgroup of G. This allows us to define the residual 
deficiency gradient. We show, however, that this is equal to the deficiency gradient of 
the group. 



In Section 5, we identify conditions that give a strict inequality in eq. (4). So, G 
may have residual deficiency equal to one, but a strict inequality in eq. (4) implies it 
has a finite index subgroup with residual deficiency greater than one. This is useful 
as most of the properties that interest us are invariant under finite index supergroups 
(for example being large or satisfying I{G) > 0, where / is any generalised Euler 
characteristic). These conditions, unfortunately, do not readily apply to any group G, 
but do to quotients G/M where G is not residually finite. 

2 Submultiplicative and supermultiplicative invariants 
and generalised Euler characteristics 

Consider a real valued invariant / defined over a class of groups £. Let £ be closed 
under finite index subgroups. By this we mean that if G is in £ and i7 is a finite index 
subgroup of G, then H is in £. The invariant / is said to be submultiplicative with 
respect to finite index (finite index normal) subgroups if 

'^""^ <m, (5) 



\G:H\ 



where G is in £, H is a. finite index (finite index normal) subgroup of G and where 
\G : H\ denotes the index of H in G. 

In an analogous way, / is supermultiplicative with respect to finite index (finite 
index normal) subgroups if 

In problem ElO of [38], C.T.C. Wall mentions that given a submultiplicative invariant 
/ as above, one may define 

/(G)=inf|^|. (6) 

H^G [\G : H\ I 

f ^ 

He remarks, without giving proof, that if i7 is a finite index subgroup of G, then 

I{H) 



I{G) 



\G:H\ 



An invariant such as / which satisfies the previous equality with respect to finite index 
subgroups is called a generalised Euler characteristic. 

In a similar vein, given a supermultiplicative invariant /, we define 

H^G U^ • -" I 

Note. If / is submultiplicative only with respect to finite index normal subgroups of 
G, then define 



J{G) = inf 



I{H) 

H<G \\G: H\ 
f 



In the case / is supermultiplicative only with respect to finite index normal subgroups, 
then define 

J{G) = sup ' ^^^^ 



H<G I IC : i^l 

Proposition 2.1 below shows that it does not matter whether we consider finite index 
subgroups or only finite index normal subgroups. 

Proposition 2.1. Let G be a group in a class of groups £ where £ is closed under 
finite index subgroups. Suppose I is an invariant for groups in £,, submultiplicative 
with respect to finite index subgroups. Then 

i{G) = J{G). (7) 

// / is submultiplicative with respect to finite index normal subgroups, then 

i{G) = J{G). (8) 

Proof. The set of finite index normal subgroups is contained in the set of finite index 
subgroups, therefore 



H^G \\G:H\\ - H<G \\G: H\ 
f f 

To prove the other inequality consider H a finite index subgroup of G. Let K be the 
core of H in G, defined as the intersection of all the conjugates of H in G. Note that 
if is a finite index normal subgroup of G. Moreover, as K <f H, then 

^(^■' <HH). 



\H : K 
This implies 



I{K) _ I{K) ^ I{H) 



\G: K\ \G: H\\H : K\ - \G : H\ 
As this holds for all finite index subgroup H of G, the result follows. D 

Note. The previous proof equally works if / is a supermultiplicative invariant. Just 
reverse the inequalities and change supremum for infimum in eq. (7) and eq. (8). 

Proposition 2.2. Let G be a group in a class of groups £ where 2, is closed under 
finite index subgroups. Suppose I is an invariant defined over the groups in £ and 
assume I is submultiplicative with respect to finite index normal subgroups of G. Then 

for all finite index subgroups H of G. In particular I is a generalised Euler character- 
istic. 

If I is supermultiplicative with respect to finite index normal subgroups of G, then 
eq. (9) holds too. 



Proof. Assume / is submultiplicative. The proof for when / is supermultipHcative is 
the same but with the inequahties inverted. 

Consider K a finite index normal subgroup of G. Let N = K (1 H and consider 
CoreciN), the core of A^ in G. Since GoreciN) is finite index in H^ then eq. (6) and 
eq. (5) imply 

i{H) ^ l{GoreG{N)) _ l{GoreG{N)) 



\G:H\-\G: H\\H : GoreG{N)\ \G : GoreG{N)\ 
l{GoreG{N)) ^ I{K) 



\G -.KWK: GoreG{N)\ " \G : K\' 
As this holds for all finite index normal subgroups K of G, then 

i{H) 



\G:H\ 



< liG). 



By Proposition 2.1 assume / is defined over all finite index subgroups. If L is a finite 
index subgroup of H, then L is a finite index subgroup of G. Hence, eq. (6) implies 

/(C) < ^(^' - «^' 



\G:L\ \G:H\\H:L\ 
The previous inequality holds for all finite index subgroups of H^ therefore 

i{H) 



I{G)< 



\G:H\' 

D 



Next we give examples of invariants for finitely generated and finitely presented 
groups which are submultiplicative or supermultiplicative. The objective is to see how 
they relate to each other and set the stage for a new supermultiplicative invariant 
which will be introduced in the following section. 

The rank d(G) of a finitely generated group G is defined as the minimum number 
of elements needed to generate G. Let G be a finitely generated group generated by a 
finite set X of size n and let H he a subgroup of finite index in G. The Nielson-Schreier 
method ([27], pp. 16) computes a finite generating set Y for H and shows that 

'^'-^ m-i. 



\G:H\ 



As the rank of H is the minimal number of elements needed to generate the group H 
and the above equality holds for all generating sets X of G, then 

Therefore, the rank minus one is a submultiplicative invariant, with respect to finite 
index subgroups, for finitely generated groups. 



In [19], M. Lackenby defined the rank gradient of a finitely generated group G as 



RG{G) = inf 



id{H)-l 



H^G [ \G:H\ 
f 

where the infimum is taken over all the finite index subgroups of G. The notion was 
motivated by problems in 3-dimensional geometry and has received lots of attention 
since then. 

C.T.C. Wall mentions in [38] that the rank of a group is an example of a submulti- 
plicative invariant. At the time, however, little was known about the properties of the 
rank gradient nor had any computations been carried out. M. Lackenby was the first 
to study the rank gradient in more detail ([19]), although it was mentioned in [32]. 

Having positive rank gradient (that is, RG{G) > 0) is a strong property. By the 
Nielson-Schreier index formula RG{Fn) = n — 1. In [19], M. Lackenby proved that 
if G is a non-trivial free product A * B, where either A or i? is not isomorphic to 
C2, the cyclic group of order two, then RG{G) > 0. On the other hand, SLn{'^) for 
n > 3, ascending i^A^iV-extensions, and direct products of finitely generated infinite 
residually finite groups all have zero rank gradient ([19], [1]). In some sense, the rank 
gradient measures how free a group is. 

Proposition 2.2 says that having positive rank gradient is invariant under finite 
index subgroups and finite index supergroups and it shows that it defines a generalised 
Euler characteristic as mentioned in [38]. 

The rank gradient is related to the important notion of amenability. This notion has 
many different definitions. Here, we give the following one. A group G is amenable if it 
has a finitely additive, left invariant, probability measure. Being amenable is invariant 
under quotients, extensions, subgroups and finite direct products. The notion was first 
introduced by J. von Neumann. Finite groups, finitely generated abelian groups and 
soluble groups are examples of amenable groups. On the other hand, any group which 
contains a non-abelian free group is non-amenable. Regarding the rank gradient, M. 
Lackenby proved in [19], that if a finitely presented residually finite group is amenable, 
then it has zero rank gradient. This result was strengthened by M. Abert and N. 
Nikolov in [1] to finitely generated residually finite groups. 

Another important property is Property (r). A finitely generated group has Prop- 
erty (r) if for some (equivalently any) finite generating set S for G, the set of Cayley 
graphs Cay{G/N, S) form an expander family, where N varies over all finite index 
normal subgroups of G. This property is preserved under quotients, extensions and 
subgroups of finite index. It is remarkable that this property has been used in many 
different areas such as graph theory, differential geometry, group theory and repre- 
sentation theory. Moreover, the theory relating to Property (r) is very rich (see for 
instance [22]). 

If G is a finitely generated residually finite group which is amenable and has property 
(r), then G is finite ([22]). In [19], M. Lackenby proved that if a group G is finitely 
presented, then either it has positive rank gradient, it has Property (r), or an infinite 
number of finite index subgroups are HNN extensions or amalgamated free products. 



Say G is a finitely presented group given by a finite presentation P = {X\R). The 
deficiency of P is defined as |X| — |i?|. Tlie deficiency of G is defined as tlie supremum 
over all the possible finite presentations P that G admits. 

Note. Deficiency is well defined as the deficiency of a finite presentation is bounded 
above by /3i(G), where /3i(G), the first Betti number of G, is the number of copies of 
Z which appear in the abelianisation of G. One way of seeing that the deficiency is 
bounded above by /3i(G) is by computing the abelianisation of the group using Smith's 
normal form. 

Consider a set X of generators for G. Send this set under the canonical surjective 
homomorphism / from G onto its abelianisation. Then f{X) generates the abeliani- 
sation of G. Therefore, /3i(G') is a lower bound for d{G). Hence 

def{G)<^i{G)<d{G). (11) 

Consider P a finite presentation for G. Let H he a finite index subgroup of G. The 

Reidemeister-Schreier rewriting method computes a finite presentation Q for H and 

shows that 

defiQ) - 1 



defiP) - 1 



\G:H\ 



As the deficiency of Q is less than or equal to the deficiency of H, then for all finite 
presentations P of G 

,e/(P) - 1 = M5h_i < ±Mlzl, 

■'^ ' \G:H\ - \G:H\ 

As the deficiency of G is the supremum over all finite presentations, then 

*/(0) - 1 < ^?Sj§^. (12) 

Therefore, the deficiency minus one of a finitely presented group is a supermulti- 
plicative invariant with respect to finite index subgroups. 

Remark 2.3. As mentioned before, having deficiency greater than one is a strong prop- 
erty. As large groups contain a non-abelian free group, then they are non-amenable. 
Moreover, a large group does not have Property (r). 

The deficiency of a finitely presented group G and its rank gradient are nicely 
related. By eq. (11) and eq. (12) 

where H is a finite index subgroup of G. Therefore, 

def{G) - 1 < RG{G). 

Hence, if the finitely presented group G has deficiency greater than one, then the group 
has positive rank gradient. 



Both largeness and having positive rank gradient are properties invariant under 
finite index supergroups. Therefore, in order to conclude both largeness and positive 
rank gradient, it is enough to have a finite index subgroup with deficiency greater than 
one. By eq. (12), we define the Deficiency Gradient as 

DG[G) = sup <^ 



Note that DG{G) > if and only if G has a finite index subgroup with deficiency 
greater than one. Therefore, having positive deficiency gradient implies the group G 
is both large and has positive rank gradient. 

By Proposition 2.2, this invariant is multiplicative with respect to finite index sub- 
groups and hence defines a generalised Euler characteristic. 

In [33] (alternatively [8]), the notion of p-deficiency was introduced. Let G be a 
finitely generated group given by a presentation Q = {X\R), where X generates F„, 
the non-abelian group of rank n. The author of [33] defined i'p{r) for r € i?, to be the 

k 

largest integer fc, such that there is some s & Fn with r = s^ . The p-deficiency of Q 
is defined in [8] as 

defp{Q)=n-Y, P-"'^''^- 
The definition of p-deficiency in [33] is 



deU{Q)=n-Y, p-"^^"-^-!. 



reR 

For example, let Q be the following presentation 

/ I p"i p^X 

\Xi, . . . ,Xn I W^ , . . . , Wj^ ) , 

where Wi cannot be expressed as a proper p-power for all i, 1 < i < m. Then, the 
p-deficiency of Q as defined in [8] is 



m ^ 

V — 



n 



while the p-deficiency of Q as defined in [33] is 



n-> — -1. 

j = l 



Y- 

We opt for the first definition, that is, the one in [8]. 

We will be interested only in presentations Q such that the quantity '^ZreR P^'^^^^' 
converges. That is, presentations for which defp{Q) is finite. 

Given G a finitely generated group with a presentation Q = {X\R), where X 
generates F„ and such that defp{Q) is finite, then the p-deficiency of G is defined as 
the supremum of the p-deficiencies of all presentations of G with finite generating set. 



The authors of [4], proved that p-deficiency minus one is supermultipUcative with 
respect to finite index normal subgroups. Hence, 

where H is a finite index normal subgroup in G. Therefore, it makes sense to consider 
the supremum over all normal finite index subgroups. Hence we define the p-deficiency 
gradient to be 

H<G I |(-x . -H I 

By Proposition 2.1 the quantity DGp would still be the same if the supremum is taken 
over finite index subgroups. 

Having p-deficiency greater than one is also a strong property. For instance, in [8] 
it is shown that a finitely presented group with p-deficiency greater than one is p-large 
(a group is p-large if it has a normal subgroup of index a power of p which surjects 
onto a non-abelian free group). 

The deficiency gradient, p-deficiency gradient and rank gradient are nicely related. 
Consider a finitely presented group G and a finite presentation P for G. Using the 
definitions of deficiency and p-deficiency for P, the deficiency of P is less than or equal 
to its p-deficiency. Hence 

defjH) - 1 ^ defpjH) - 1 

\G:H\ - \G:H\ ' 

where iJ is a finite index normal subgroup of G. Therefore, DG{G) < DGp{G). 

Both deficiency and p-deficiency are supermultiplicative. Hence the inequality 
DG{G) < DGp{G) is rather straightforward. The rank gradient is however submulti- 
plicative. Therefore, the following proposition comes as somewhat of a surprise. 

Proposition 2.4. Let G be a finitely generated group. Then DGp{G) < RG{G). 

Proof. In [33], J.C. Schlage-Puchta proved that given a finitely generated group G, then 
defp{G) < dp{G) < d{G), where dp{G), the p-rank of G, is defined as the maximum 
number of copies of Cp, the cyclic group of order p, onto which G can surject. 

Let if be a finite index normal subgroup of G. By the supermultiplicativity of 
p-deficiency 

r, f(r^ 1 ^ ^e/,(g) - 1 dpjH) - 1 d{H) - 1 

This holds for ah normal finite index subgroups, therefore defp{G) — 1 < RG{G) and 

hence 

deU{H) - 1 RG{H) 

\G:H\ - |G~hT " ^ ^' 

where the last equality follows from Proposition 2.2. Take the supremum on the left 

hand side, over all finite index normal subgroups of G, to obtain the result. D 

9 



Remark 2.5. From Proposition 2.4, if defp{G) > 1, then RG{G) > 0. This may also be 
deduced from results in [4]. Also note that having DGp{G) > is equivalent to having 
a finite index normal subgroup with p-deficiency greater than one. Hence DGp{G) > 
implies the group G has a finite index normal subgroup H which is p-large and has 
positive rank gradient. As H has finite index in G, the latter is large and has positive 
rank gradient. 

Corollary 2.6. Let G he a finitely presented group. Then 

DG{G) < DGp{G) < RG{G). 

By Proposition 3.7 in [18], dp{G) — 1 defines a submultiplicative invariant for the 
class of finitely generated groups, with respect to subnormal subgroups of finite index 
a power of p. However, it does not define a submultiplicative or supermultiplicative 
invariant with respect to normal finite index subgroups, even if we restrict ourselves 
to the class of finitely presented groups. 

Consider a prime p and the free product Cp^ * Gp^, where pi and p2 are primes 
distinct from p and at least one of pi and p2 is greater than 2. The abelianisation of 
Cpi *Gp2 is Gp-^ X Cp2, therefore its p-rank is zero. However, Gp■^ *Gp2 has a non-abelian 
free group F of finite rank as a finite index subgroup. 

Any non-abelian free group has positive p-rank for any prime p. Therefore, 

dp{F) - 1 



0< 



|Cpi * Cp2 : F\ 



However, dp{Gp-^ * Cp^) — 1 = —1. Therefore, the p-rank does not define a submulti- 
plicative invariant with respect to finite index subgroups. 

Let p and G = Gp^ * Gp^ be as above . Consider P = G x (7p. The p-rank of G is 
zero. Note G is finite index in P. However, the j5-rank of P is at least one. Therefore 
dp{T) - 1 > 0, but 

dp{G) - 1 



|P:G| 



<0. 



Therefore, the p-rank does not define a supermultiplicative invariant with respect to 
finite index subgroups. 

Even when the p-rank does not define a supermultiplicative or a submultiplicative 
invariant, with respect to finite index subgroups, the way in which it varies on its 
finite index subgroups has been useful in some cases. In [20], M. Lackenby considered 
collections of finite index subgroups {Gj} for a finitely presented group G and said 
that {Gi} has linear growth of mod p homology if 

M. Lackenby used this condition to give a characterisation for largeness in finitely 
presented groups ([20]). 



10 



In [4], Y. Barnea and J.C. Schlage-Puchta considered the quantities 

, dp{H) 



\G:H\ 
and 



a (G) = lim inf 
a^(G) = lim sup 



G:HV 



where the hm inf and the hm sup are taken over all finite index normal subgroups of 
G. 

The authors of [4] proved that if a finitely generated group G has any of the two 
quantities above being positive, say a~{G), then G has a normal subgroup N such 
that G/N is a p-group and a^{G/N) > 0. 

We define the p-rank gradient as 



RG,{G):= inf I ^^^1^^ I 
^ H<G I \G : H\ I 



Proposition 2.7. Let G be a finitely generated group. Then defp{G) — 1 < RGp{G). 
In particular, if defp{G) > 1, then RGp{G) > 0. 

Proof. In [4] it was proved that p-deficiency minus one is supermultiplicative with 
respect to finite index normal subgroups of G. That is, if // is a finite index normal 
subgroup of G, then 

<^M0) - 1 < ^^!^. 

Moreover, the p-deficiency of a group is a lower bound for the p-rank of a group ([33]), 
hence 

The result is obtained by taking the infimum over all the finite index normal subgroups 
of G. D 

As the j»-rank gradient and the rank gradient are defined by using the infimum, and 
dp{G) < d{G), then RGp{G) < RG{G), where G is a finitely generated group. From 
Proposition 2.7 we then have 

defp{G) - 1 < RGp{G) < RG{G). 

Now we introduce another notion of deficiency which we call group deficiency. This 
notion is partly inspired by the following result in [36] by R. Thomas. 

Theorem 2.8. {Only Theorem in [36]) 
Let G he given by the presentation 

Q = {xi,...,Xn \w'^\...,w'^'), 



11 



and let (p : Fn — > G he the canonical map from the non-ahelian free group of rank n 
onto G. If the order of ip{wi) in G is mi, for all i, 1 <i < s, and 



n-J]— >1, 



then the group G is infinite. 

This theorem considers the quantity n — ^^^i ^/rrii, which is different to the quan- 
tities considered in the deficiency and the p-deficiency. This leads to the fohowing 
definition. 

Definition 2.9. Let G be a finitely presented group given by a presentation Q = 
{xi, . . . ,Xn I w^^ , . . . jw'^"). Let (f : Fn — > G be the canonical map from the non- 
abelian free group of rank n onto G, induced by the presentation Q. Suppose the order 
of <^{wi) in G is ki, for alH, 1 < i < s. Then we define the group deficiency of Q to be 

s 

n-y^l/kj. 

1=1 

We define the group deficiency of G as the supremum of all the group deficiencies taken 
over all possible finite presentations of G. 

Note that the group deficiency compares to the deficiency in the following way 

def{Q)<gdef{Q). 

It is not clear whether the group deficiency defines a submultiplicative or super- 
multiplicative invariant. We can nevertheless define the Group Deficiency Gradient 

as 

gdef{H)-l- 



GDG{G) = sup 

H^G I |(-x . ii I 
/ 

The previous definition implies that 

DG{G) < GDG{G). (15) 

Let G be given by the presentation 

Q = (xi,...,x„ I u™'), i G /, 

where I is a countable set. Suppose ki is the order of the image of Ui in G, for all 
i G I. If X^jg/ l/fej converges, then it makes sense to define the group deficiency of Q 
as n — ^jgj- ^/ki. This helps extend the notion beyond the class of finitely presented 
groups. 

Another invariant which is useful to keep track of on finite index subgroups is the 
first Betti number. In [11], the first L^-Betti number /3| (G) is defined for a finitely 



12 



generated group G. For definition and main properties we refer to [11]. For the 
moment, it suffices to note that the first L^-Betti number satisfies 

lf(0,-^ (16) 

for all finite index subgroups H in G. Therefore, it defines a generalised Euler charac- 
teristic. 

When restricted to finitely presented residually finite groups, Liick's approximation 
Theorem ([25]) helps us reduce the definition of the first L^-Betti number to the fol- 
lowing: given a finitely presented residually finite group G and a descending sequence 
of finite index normal subgroups {-/Vjjjgpj, such that P| iVj = {e}, then 

«— i-OO |(_T : iVj| 

In [26], the finitely generated case was addressed. It turns out from [26] that if the 
group G is finitely generated and residually finite, then 

P['\g) > Hmsup-^^. (17) 

Moreover, the inequality cannot be improved as examples where the strict inequality 
holds are given in [26]. 

The authors of [17] used the group deficiency of a finitely generated group to give 
the following result 

Theorem 2.10. {[17], Theorem 4) 

Suppose a group G is given by the presentation 

Q = {xi,... ,Xn I n"*), i G /, 

where I is a countable set and the order of Ui in G is mi for all i ^ I . Suppose 
"Yuiei l/^^i converges. If G is infinite, then 



Pl{G)>n-l-Y^^ 



Corollary 2.11. Let G be a finitely presented group G. Then 

GDG{G) < pl{G). 

Proof. Let H he a, finite index subgroup of G. As G is finitely presented, then H is 
finitely presented. Therefore, by the previous theorem we have 

!3l{H) > gdef{H) - 1. 

Since the first L2-Betti number is multiplicative with respect to finite index subgroups 

o2(r, - /^f(-^) > adefjH) - 1 

^'^^^-]gTh\- \G:H\ ■ 
13 



The result is obtained by taking the supremuni, on the right hand side, over aU finite 
index subgroups of G. 

D 

Corollary 2.12. Let G be a finitely presented group. Then 

DG{G) < GDG{G) < l3f{G). 

Proof. Immediate from eq. (15) and Corollary 2.11. D 

As mentioned before, the rank gradient, the deficiency gradient and the first L^- 
Betti number define generalised Euler characteristics. The authors of [4] considered 

\G:H\<oo Hj- • -H| 

and proved the following result. 

Proposition 2.13. {[4], Proposition 17). 
Let G be a finitely generated group. 



1. Then 



\G:H\<oo ILr • -H I 



H<iG 

2. If H is a finite index subgroup of G, then Xp{H) = \G : H\xp{G). 

3. If G is virtually free, then Xp{G) is the ordinary Euler characteristic of G. 

4. If G is a Fuchsian group, then Xp{G) is the ordinary Euler characteristic of G. 

The following propositions show that the deficiency gradient, rank gradient and 
first L^-Betti number, satisfy the same properties as Xp{G)- Note that the first two 
properties have already been settled in Proposition 2.1 and Proposition 2.2, hence only 
the last two are proved. 

Proposition 2.14. Let G be a finitely presented group. Then if G is virtually free or 
a Fuchsian group, then —DG{G) is the ordinary Euler characteristic of G. 

Proof. Denote the ordinary Euler characteristic of G by xiG). The Euler characteristic 
and the deficiency gradient are multiplicative. Therefore, when G is virtually free, it 
suffices to prove the statement for non-abelian free groups. Also, as every Fuchsian 
group has a surface group as a finite index subgroup, it suffices to prove the statement 
for surface groups when G is a Fuchsian group. 

Suppose G is free of rank m. Then the deficiency of G is m. Let if be a finite 
index subgroup of G. By the Nielson-Schreier index formula H is a free group of rank 
|G : H\{m — 1) + 1 and hence has deficiency \G : H\(m — 1) + 1. Therefore, 

^^,^, (def{H)-l\ (l + \G:H\im-l)-l 
-DG{G) = -sup J, . ' = -sup ;) 

f f 

14 




= l-m = x{G). 

Let G be 7ri(5'g), where Sg is the orientable surface of genus g > I. The deficiency 
of 7ri{Sg) is 2g — 1. If i7 is a finite index subgroup of G, then H = iri^Sh), where 
h = \G : H\{g — 1) + 1. For / > 1, the Euler characteristic of Si is (2 — 21). Therefore, 

-DG{G) = - sup <^ 

2(|G://|(<7-l) + l)-l)-l 

■ ■ ^ V = 2 - 2o. 

\G:H\ I ^ 

D 

Proposition 2.15. Let G he a finitely generated group. If G is virtually free or a 
Fuchsian group, then —RG{G) is the ordinary Euler characteristic of G. 

Proof. If G is virtuahy free, then the proof in Proposition 2.14 works equally well. Just 
note that if G is free of rank m then the deficiency of G is m. 

Let G be a Fuchsian group. Suppose, as in Proposition 2.14, that G = 7ri{Sg), g > 1. 
The rank of 7ri{Sg) is 2g. If i7 is a finite index subgroup of G, then 7ri{Sh) — H, where 
h = \G : H\{g — 1) + 1. Therefore, the rank of H is 2/i. Hence, 

-RG(G) = - .nf i'4S^\ = - inf (2(|C-g|to-l) + l)-l| 

^ ^ h^g\ \G:H\ J h^g]^ \G:H\ J 

h<:g\ G:H J ^ 



/ 
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Proposition 2.16. Let G be a finitely generated group. If G is virtually free or a 

(2) 

Fuchsian group, then —(3\ (G) is the ordinary Euler characteristic of G. 

Proof. Once again, it suffices to show the statement for non-abelian free groups and 
surface groups. Let F^ be the non-abelian free group of rank k. Consider a descending 
sequence of finite index normal subgroups in Ff^ that intersects in the identity. This can 
be done as Fk is residually finite. Note that Ni is a non-abelian free group, therefore, 

/3i(iV,) = d{Ni) = \Fk : Ni\{k - 1) + 1. Hence, 

-,?\n.) ^ -,„„ A(^ . _.„^W|l(i_i)±i ^ , _ , ^ ^,^^), 

t-^co\Fk : Nil *^°° \Fk ■ Nil 

Suppose G = TTiiSg) with g > 1. Consider a descending sequence {GjjjgN of finite 
index normal subgroups in G that intersects in the identity. Such series exist as G is 
residually finite. Note that since G is a surface group, then Gi is a surface group for 
all i G N. 
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The Euler characteristic is rtiultiphcative with respect to finite index subgroups. 
Therefore, 2gi - 2 = \G : Gi\{2g - 2) where gi = \G : Gi\{g - 1) + 1. Finally, note that 
Pi{Gi) = "^Qi- Therefore, 

PijGj) 2gi 2|G:G,|(g-l) + 2 
— Lim —— — — — = — Lira — — — — = — Lira — — — = 2 — 2g. 

i-^oo\G : Gi\ i-^ooiG : Gi\ i^>oo \G : Gi\ 

D 
3 Residual deficiency 

This section introduces an invariant for finitely presented groups that we call residual 
deficiency. From now on, unless otherwise stated, any group considered is finitely 
presented. If G is a finitely presented group and Q = {X\R) is a finite presentation 
for G, where X freely generates -F„, the non-abelian free group of rank n, denote by 
if the canonical homomorphism from Fn to G. Denote by Rq the finite residual of G, 
that is, the intersection of all finite index subgroups of G, and call G/Rq the residual 
quotient of G. 

Definition 3.1. Let G be a finitely presented group and let Q = (^|-R) be a finite 
presentation for G. Consider the elements of R expressed in the following way R = 
{ri = n™\ . . . ,rs = u^"}, where the elements Ui G F„ cannot be expressed as proper 
powers of other words in F„. Let Rq be the inverse image of Rq under ip and let ki 
be the order of Ui in Fn/Rci— G/Rq)- We define the residual deficiency of the finite 
presentation Q to be 



rdef{Q)=n-Y,Y.- 



't=l * 

Note that ki is also equal to the order of 93 (uj) in G/Rq- 

Consider all possible finite presentations for G and their corresponding residual 
deficiencies. We define the residual deficiency of G as the supremum of these residual 
deficiencies, 

rdef{G)= sup {rdef{Q)}. 

Remark 3.2. The first thing to observe is that if Q is a finite presentation for a group G, 
then def{Q) < rdef{Q). Hence, def{G) < rdef{G). However, if the residual quotient 
of G is torsion free, then def{G) = rdef{G). This is because the only way in which the 
residual deficiency may be greater than the deficiency is if there is a presentation in 
which one of the relators is expressed as a proper power of another element which lies 
outside of Rg- This element then defines a non-trivial torsion element in the residual 
quotient. 

The following lemma (or variations of it) is a well known result that appears in 
many papers, for instance Lemma 2.3 of [30]. 

Lemma 3.3. Let G be a finitely generated group, H a normal subgroup of finite index 
in G, and g an element of H. Denote the centraliser of g in G by Gcig)- Consider K 
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a subgroup of Ccig)- Let T be a left transversal for HK in G and let Z be the set of 
conjugates of g by elements in T. Then, the normal subgroup in G generated by g, is 
the normal subgroup in H generated by Z . 

Proof. Suppose HK/H has order n. Note that H < HK ^ G. Therefore, if H has 
index j in G, then HK has index j /n in G. 

The proof centres around showing that if T = {ti, . . . , tj/„} is a left transversal for 
HK in G, then {{g)) = {{tigtj' )) , where 1 < / < j/n. For this it suffices to show 
that sgs~^ is in {{tigtj ))^ , for all s in G. 

Note that s can be written as tihk for some ti in T, h in H and k in K, where K 
is in the centraliser of g in G. Hence, 



1 = tihkgk'^h'^tY^ = tihgh'^t^^ = h'tigt^^h'^^ 



sgs 

-1\\H 



where h' = tihtj^ as i:f is normal in G. Thus sgs ^ € {{tigtj^ )) ■ D 

The following Theorem is central in this paper. Similar forms of this result may be 
found in the literature. For instance in [12] and in [6]. 

Theorem 3.4. Let the group G be given by the presentation 

r = [Xi , . . . , Xn \ U-^ , . . . fUj, ) , 

where n,mi > 1 for i = 1, . . . ,r. Let ki, for 1 < i < r, be as in Definition 3.1, the 
order of ip{ui) in G/Rq. Then, there are finite index normal subgroups H in G, such 
that the order of ^{ui) in G/H is ki, for all i, 1 < i < r. Moreover, the deficiency of 
every such H is bounded below by 

l + \G:H\{rdef{P)-l). 

Proof. As P is a presentation for G, there is a surjective homomorphism (p from F„, the 
non-abelian free group of rank n, onto G, where the kernel N is the normal subgroup 
of Fn generated by n™^ , . . . , u™'' . 

Denote by Rq the inverse image of Re under if. As Fn/Rc — G/Rg-, then Fn/Rc is 
residually finite. Therefore, for each word n™' , there is a finite index normal subgroup 
Hi in Fn, such that o{ui, Fn/Rc) = o{ui,Fn/Hi). Let H be the intersection of all the 
Hi. Then, as there are only finite number of relators in P, the subgroup H has finite 
index in Fn/Rc and o{ui, Fn/Rc) = o{ui, Fn/H) for alH, 1 < i < r. Note that every 
finite index normal subgroup in G contained in H also satisfies this condition. 

Denote by H the normal subgroup in G that corresponds to H under ip. Note that 
\G : H\ = \Fn ■ H\. Compute a presentation for H using the Reidemeister-Schreier 
rewriting process (pp. 103, [27]). This gives a presentation with \G : H\(n — 1) + 1 
generators which freely generate H. To compute the relators note that the subgroup 
N is generated as a normal subgroup of H by elements of the type su^^s~^, where 
s (z T and T is a transversal of H in Fn. Since H < H{ui) ^ Fn, then every s in T 
can be written as thu-, with t € Tj, where Tj a left transversal of H(ui) in F„, h G H, 
and < / < o(uj, Fn/H). Moreover, the subgroup in F„ generated by Ui is a subgroup 
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of Cpniui). Therefore, by Lemma 3.3, each element n^' only needs to be conjugated 
by \G : H\/o{ui,Fn/H) elements. Hence, H admits a presentation with deficiency 

\G:H\{n-l) + l-J2 ^^^ ''fL = 1 + 1^ : H\{rdef{P) - 1). 

D 

Corollary 3.5. Let G he a finitely presented group. Then rdef{G) — 1 < DG{G). In 
particular, if rdef{G) > 1, then G has a finite index subgroup with deficiency greater 
than one. 

Proof. By Theorem 3.4 

rde/(P)-l<M^l_ll<Z)G(G). 

|(_r : ii 

Taking the supremum over all finite presentations P of G yields 

rdef{G) - 1 < DG{G). 

If rdef{G) > 1, then DG{G) > 0, which is equivalent to having a finite index subgroup 
with deficiency greater than one. D 

Remark 3.6. From eq. (15) DG{G) < GDG{G), therefore, 

rdef{G) - 1 < DG{G) < GDG{G). 

Example 3.7. This example shows that the equality rdef{G) — 1 < DG{G) is not 
a strict equality in general. Consider the Thompson group T given by the following 
presentation 

{a,b\ [ab-\a-^ba],[ab-\a-^ba^]). (18) 

One of the main properties of this group is that its commutator subgroup is equal to 
its residual subgroup. Such groups are known as residually abelian. For this and other 
properties of the Thompson group we refer to [9] . 

As the relations in eq. (18) are in the commutator, the abelianisation of T is iso- 
morphic to Z X Z. Since the commutator subgroup of T is the same as its residual 
subgroup, then the commutator [a, b] generates Rt as a normal subgroup of F2. 

Consider G := T * "Z. Denote the normal closure of [a,b] in F3 = {a,b,c) by A^. 
Since Rq is normal in F3 and [a,b] G R^ ^ Rgi then Rt 1^ N < Rq. A presentation 
for G/N is given by 

{a,b,c I [a,b]). 

This defines a group isomorphic to (Z x Z) * Z. Since N <Rg and G/N ^ (Z x Z) * Z 
is residually finite, then A^ = Rq- As G/Rg is isomorphic to (Z x Z) * Z, which is 
torsion free, then def{G) = rdef{G) by Remark 3.2. In [7], J. Button showed that 
def{G) = 1. Therefore, rdef{G) = 1. 
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Finally, the Kurosch subgroup theorem allows us to conclude that T * Z * Z is a 
subgroup of finite index in G. Since T *'Ii*Z has deficiency greater than one, then G 
has a finite index subgroup with deficiency greater than one and hence DG{G) > 0. 
Therefore, G satisfies 

rdef{G) - 1 < DG{G). 

Theorem 3.4 implies the following result by D. Allcock ([3]). 

Corollary 3.8. ([5], only theorem). 

Let the group G be given by the presentation 

r = \Xi , . . . , Xn \ U-^ , . . . ,U^ ) . 



Suppose H is a normal subgroup of G of index N < oo, and that for each j, 1 < j < r 
Mj^H for k = I, . . . , nij 



we have u^ ^ H for k = 1, . . . , ruj — 1. Then the rank of the abelianisation of H is at 



least 



l + \G:H\{n-l-J2—). 



rrii 



Proof. By Theorem 3.4, the deficiency of H is at least 

l + \G:H\{rdef{P)-l), 
where the latter is greater than or equal to 



l + \G:H\in 



'' 1 



i=i ^ 



The result follows as the deficiency is a lower bound for the rank of the abelianisation. 

D 

Remark 3.9. In [3], Corollary 3.8 is used to conclude Theorem 2.8 proved by R. Thomas 
in [36]. As Theorem 3.4 implies Corollary 3.8, then Theorem 3.4 also implies Theo- 
rem 2.8. 

Corollary 3.10. Let G be a finitely presented group. Then 

rdef{G) - 1 < DG{G) < DGp{G) < RG{G), 

rdef{G) - 1 < DG{G) < GDG{G) < l3f{G). 

In particular, if the residual deficiency of G is greater than one, then G has positive 
rank gradient, positive first L^-Betti number and is large. 

Proof. The inequalities follow from Corollary 2.6, Corollary 2.12 and Corollary 3.5. 
Positive rank gradient and first L^-Betti number are immediate from the inequalities. 
For largeness, if rdef{G) > 1, then DG{G) > 0, which is equivalent to having a 
finite index subgroup with deficiency greater than one. The latter implies largeness by 
[5]. D 
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The residual deficiency of a finite presentation can easily be computed or at least 
approximated in some cases. To illustrate this, we first need the following definition 
and lemma. 

Definition 3.11. We say that the finite presentation 

1 — \j,i,...,u^n|'i)---)'m/ 

has a quotient with no collapse if G, the group defined by P, has a homomorphism tp 
from G to a group N, such that the order of V' o v(^i) ^^ ^ is Oj, for all i, 1 < i < m, 
where ip is the canonical map induced by P from F„ to G. 

Consider the particular case when A^ is residually finite. In this case we say G has 
a residually finite quotient with no collapse. 

Lemma 3.12. Let G be given by a presentation P = {xi, . . . ,Xn \ r'^^ , . . . , r'^), where 
the words ri are not expressed as proper powers, for 1 < i < m. Suppose G has a 
residually finite quotient with no collapse ip. Then 



ra ^ 

rdefiP) = n-Y,- 



Proof. Let K be the kernel of V'- The condition that the order oi '^ o if(ri) in N 
is Oj says that the order of the image of '^{ri) in GjK is a^. As the image of ^ is 
residually finite, the quotient GjK is residually finite and hence the finite residual Rq 
is contained in K. Therefore, the order of the image of ^p{ri) in G/Rg is Oj for all i, 

1 <i <m. Since the words rj cannot be expressed as proper powers, then the residual 
deficiency of P is n — X^™ ^ l/flj- □ 

Example 3.13. Consider generalised triangle groups. These are groups given by 
presentations of the form 

(a,6|a',6'",u;"), 

where 

w = a^^b''^ ■ ■ ■ a'^'^b"'' (k > 1,0 < ri < 1,0 < Si < m, where 1 < i < A;). 

Let G be a generalised triangle group. In [6], a representation p from G to PSL{2, C) 
was constructed, such that the orders of a, b and w in PSL{2, C) are /, m and n, re- 
spectively. The image of G in PSL{2, C) is finitely generated. By Mal'cev ([28]), every 
finitely generated subgroup of PSL{2, C) is residually finite. Hence, the hypotheses of 
Lemma 3.12 are satisfied. Therefore, if P = {a,b \ a , b"^, w^), its residual deficiency is 

2 — l/l — 1/m — 1/n, which is greater than one whenever l/l + 1/m + 1/n < 1. 

In [6] these groups were shown to have a finite index subgroup with deficiency 
greater than one whenever l/l + 1/m + 1/n < 1. The arguments used are very similar 
to the arguments in Lemma 3.3 and Theorem 3.4. However, for part of the argument, 
the authors of [6] rely on the fact that by removing the relator w" one ends up with a 
free product of finite cyclic groups, whereas Lemma 3.3 and Theorem 3.4 do not. 
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Example 3.14. A generalisation of the technique used in [6] was used in [14] to prove 
that one-relator quotients of free products of non-trivial finite cyclic groups satisfy the 
Freiheitssatz. The type of groups dealt with in [14] are, more specifically, groups given 

by 

P=(xi,...,x„|xr,...,C",^«'), (19) 

where mi,s > 1, for all i, 1 < i < n, and tt; is a word that involves all the generating 
elements xi, . . . ,Xn- The Freiheitssatz condition in this case means that the subgroup 
generated by any n — \ elements from the generating set is the free product of the 
cyclic groups corresponding to the n — 1 chosen elements. For instance, if the set of 
n — 1 elements from the generating set consists of xi, . . . ,x„_i, then they generate a 
subgroup in G isomorphic to Cmi * • • • * Cm„_i- 

This result was obtained by showing that G admits a representation into PSL{2, C) 
where the image of Xi and the image of w in PSL(2, C) have order m, and s, respec- 
tively, for all i, 1 < i < n. Although not pointed out in [14], this result is useful to 
prove that a substantial collection of these groups have a finite index subgroup with de- 
ficiency greater than one and hence are large. For this, it suffices to apply Lemma 3.12. 
The residual deficiency of P is n — X^^Li l/'^i ~ ^/s and by Theorem 3.4, whenever this 
quantity is greater than one, the group defined by P will have a finite index subgroup 
with deficiency greater than one. The residual deficiency of P is greater than one, for 
instance, for all n > 4, since mi,s > 1, for all i, 1 < i < n. If n = 3, then one of 
mi,m2,m^ or s must be greater than two. 

Example 3.15. A Coxeter group is a group G given by a presentation of the type 

(oi, ...,an\al,...,al, (0,0^)™'^ 1 <i < j <n), 

where rriij > 2. The value rriij may be 00 in which case the word (ajaj)™"'^ is omitted 
from the set of relators. 

Since Coxeter groups are finitely generated and have faithful representations into 
GL(n,M) (Appendix D in [10]), they are residually finite ([28]). Moreover, due to the 
solution of the word problem in Coxeter groups, the words ai, . . . , a„, UiUj, define non- 
trivial elements of order 2 and rriij in the group, respectively ([10], chapter 3, section 4). 
Hence, every Coxeter group G can be surjected onto itself to obtain a residually finite 
quotient with no collapse. Applying Lemma 3.12 gives that the residual deficiency of 
the presentation above for a Coxeter group is n/2 — ^j<y m~j . 

It is known that Coxeter groups are either virtually abelian or large ([10], Theorem 
14.1.2). In fact, there is a way of telling, given a Coxeter presentation, whether the 
group is large or not. For this, consider the Coxeter diagram associated to the Coxeter 
group. Say the given Coxeter group is 

(ai, ...,an\al,...,al, (0,0^)"^'^ 1 <i < j <n). 

The Coxeter diagram associated to this presentation is a graph with n vertices where 
two vertices, say (i, j), are joined by an edge if and only if rriij ^ 3. Consider the con- 
nected components of the graph. These are called the irreducible components of the 
Coxeter diagram. These components are Coxeter diagrams of other Coxeter groups. If 
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all these components correspond to either spherical Coxeter groups (i.e. finite Coxeter 
groups), or Euclidean Coxeter groups, both of which have been completely classified 
([10], Appendix C), then the group is virtually abelian. However, if one of the com- 
ponents of the Coxeter diagram is not either spherical or Euclidean, then the group is 
large. 

We already know that having a finite index subgroup with deficiency greater than 
one is a stronger property than largeness. Hence, this property may be used to study 
large Coxeter groups. There are plenty of examples of Coxeter groups with a fi- 
nite index subgroup that has deficiency greater than one; given n, it suffices to have 
n/2 — Yli^j m~- > 1. If, for instance, mij > n{n — l)/(n — 2), for all mij which ap- 
pear as powers in the presentation, then a quick computation shows that the residual 
deficiency is greater than one. On the other hand, the class of Coxeter groups which 
are fundamental groups of 3-dimensional hyperbolic orbifolds, although large (by [2]), 
cannot have finite index subgroups with deficiency greater than one ([13]). 

Example 3.16. Consider the presentation 

{x^,X2,X3\xl\xl\x''^^,RT,RlRt), (20) 

where Cj = or Cj > 2 for i = 1,2,3; 2 < m,p,q; Ri is a cyclically reduced word in 
the free product on xi,X2 which involves both xi and X2 but not x^, R2 is a cyclically 
reduced word in the free product on xi,X3 which involves both xi and 2:3 but not X2 
and i?3 is a cyclically reduced word in the free product on X2, X3 which involves both 
X2 and X3 but not xi. Further, each Ri, i = 1,2,3 is not a proper power in the free 
product on the generators it involves. 

According to the authors of [15], E. Vinberg called a group generalised tetrahedral 
if it is defined by a presentation such as eq. (20). 

Let G be a generalised tetrahedral group. In [15], a representation p : G — > 
PSL{2,C) is constructed where p(xj) has infinite order if Cj = or exact order ej if 
ej > 2 for i = 1,2,3, and p{Ri) has order m, p{R2) has order p, and p{Rz) has order 
q. The authors of [15] call such a representation essential. In this case, an essential 
representation is the same as a quotient with no collapse. Therefore, by Lemma 3.12, 
the residual deficiency of G is greater than one if 

111111 

— + — + — + — + - + -< 2, 21 

ei e2 t'i m p q 

where l/cj is in case Cj = 0. 

The authors of [15] use the representation p to prove that if eq. (21) holds then 
G has a finite index subgroup with deficiency greater than one. They do so by using 
Lemma 3 in [6], which is a particular case of Lemma 3.3. Lemma 3 in [6] uses the fact 
that when we remove i?™, i?2 ^^^ i^g from eq. (20), we end up with a free product of 
finite cyclic groups. Theorem 3.4 does not use this fact. 

The authors of [15] mention that their methods also give essential representations 
for groups defined by the following presentations: 

(xi, . . . , x„ I x^i, . . . , x^", i?™i (xi, X2), i?r (a^2, X3), ...,Rn" {Xn, Xi)) , (22) 
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where Cj = or e^ > 2 for i = 1, . . . ,n; rrii > 3 for i = 1, . . . , n, and for i = 1, . . . ,n, 
Ri{xi,Xi+i) is a cyclically reduced word in the free product on Xj, Xj+i which involves 
both Xi and Xj+i. And 

• • • ' '-'2n-3' (^2, 2;„)), 

where n > 3, Cj = or Cj > 2 for i = 1, . . . , n, rrij > 3 for j = 1, . . . , 2n — 3, and for 
j = 1, . . . , n — 1, S'j is a cyclically reduced word in the free product on xi, Xj involving 
both xi and Xj. Moreover, for j = 0, ... ,n — 3, Sn+j is a cyclically reduced word in 
the free product on X2 and Xj+3 involving both X2 and Xj+3. 

The authors of [15] do not mention whether the groups defined by eq. (22) and 
eq. (23) have a finite index subgroup with deficiency greater than one. However, the 
residual deficiency of these presentations is easily computed and hence by Theorem 3.4, 
if the residual deficiency of eq. (22) or eq. (23) is greater than one, then the group it 
defines has a finite index subgroup with deficiency greater than one and hence are 
large. 

Some of the presentations above are relevant to the results in [12]. In [12], M. 
Edjvet gave conditions under which balanced presentations define large groups. The 
balanced presentations considered needed to have at least two proper power relators. 
The proof was divided into two cases. The first case deals with balanced presentations 
which define groups with finite abelianisation. The second, when the presentations 
define groups with infinite abelianisation. 

If the group has finite abelianisation and at least one of the powers from the relators 
is greater than two, then the commutator subgroup has deficiency greater than one. 
If the group has infinite abelianisation and two of the powers in the relators are not 
coprime, then the group is large. This case uses results in [35] which only ensure 
largeness and not the existence of a finite index subgroup with deficiency greater than 
one. 

Consider the family of presentations given by eq. (20) and eq. (22). Suppose 
ei = 62 = 63 = for the presentations in eq. (20) and e^ = 0, i = l,...,n, for 
the presentations in eq. (22). By the results in [15] the presentations given by eq. (20) 
have residual deficiency greater than or equal to 3/2, which is greater than one. Since 
Jn-j > 3, 1 < i < n, for the presentations given by eq. (22), the residual deficiency is 
greater than or equal to n — n/3, which is greater than one if n > 1. Therefore, a 
presentation in either of these two families which defines a group with infinite abelian- 
isation, is an example of a group given by a balanced presentation which has a finite 
index subgroup with deficiency greater than one. Moreover, one does not need powers 
from the relators to have a common prime factor in order to establish largeness. 

It is not difficult to see that the families described above have many presentations 
that define groups with infinite abelianisation. It just suffices to have a single row 
or column of zeroes in its abelianisation matrix. We define the (i, j) entry of the 
abelianisation matrix of a presentation P = (xi,...,x„ | ri, . . . ,rm) as the power 
sum of Xj in tj, which we denote by Cx (ri). For example, for presentations given 
by eq. (20), if axiiRi) = crxi{R2) = 0, then we get zeroes in the first column. For 
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presentations given by eq. (22), the abelianisation matrix only has non-zero elements 
on the diagonal or above it, with the exception of the (n, 1) entry corresponding to 
o"j;j(i?™"). If UxiiRn) = and axX^i) = for some i, where i = 1, . . . ,n, then the 
abelianisation matrix reduces down to a upper triangular matrix with at least one zero 
in its diagonal. The determinant of such matrix is therefore 0. Since the absolute 
value of the determinant of such matrix gives the index of the commutator subgroup 
in the group (index corresponding to infinite index), then the group defined by such 
presentation has infinite abelianisation. 

Example 3.17. Consider m non-trivial elements ui, . . . ^Um in Fn, the non-abelian 
free group of rank n. Denote by {ai, . . . , a„_i, t}, the canonical free generators of 
Fn. Suppose (Jt{ui) = Sj 7^ 0, for 1 < i < m. Define k = \si---Sjn\ and rij = 
|si • • • Sj-iSj+i • • • Sm\- Then the group G given by the presentation 

P = (ai,...,a„_i,t |uf ,...,n^'"), 

surjects onto Cfc, the cyclic group of order k, by sending a^ to 0, for alH, 1 < i < n — 1, 
and t to 1. The residual deficiency of G is bounded as follows 



m ^ 

rdef{G) > rdef{P) > n - ^ — . 



1=1 * 

The above expression is greater than one if the values |sj| are sufficiently large. This 
construction gives examples of finitely presented groups of arbitrarily large negative 
deficiency which have finite index subgroups with deficiency greater than one. 

Example 3.18. Consider the following deficiency one presentation where n > 2 

P = (ai,... ,a„ \u\^,... ,u^_Zi), 

such that there is a prime p that divides all the powers Sj, where Ui is a non-trivial 
word in F„, for alH, 1 < i < n — 1. As F„ is residually finite p, then there is a normal 
subgroup H in F„, with index in F„ a power of p, such that Ujq ^ H, for some io, 
^ ^io ^n—1, and has minimal index with respect to this property. This means that 
if i^ is a finite index normal subgroup of -F„ with index a power of p strictly less than 
\Fn : H\, then Ui G K for all i, 1 < i < n — 1. 

As the quotient Fn/H is a p-group, it has non-trivial centre. Take a subgroup M 
of order p in the centre. Denote by L the pullback of M in Fn under the canonical 
surjective homomorphism from Fn to Fn/H. Note that L is normal in Fn- As the 
index of L in Fn is less than the index of H in Fn, then ujGL, l<z<n — 1. This 
means that Ujg and any other Ui not in H, has order p in Fn/H. Hence the residual 
deficiency of P is bounded as follows 

rdef{P) > n - (n - 2) - - > 1. 

Therefore, the group defined by P has a finite index subgroup with deficiency greater 
than one. Note that since p divides all powers Sj, then the group has p-deficiency 
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greater than one and hence it is large ([8]). However, this result does not tell us that 
the group has a finite index subgroup with deficiency greater than one. 

It is known by [35] , that all deficiency one presentations with a proper power relator 
define large groups. However, the question of whether such presentations define groups 
which have finite index subgroups with deficiency greater than one is still open. The 
previous example shows that if the deficiency one presentation only has proper power 
relators and the powers are all divided by a common prime, then the group defined 
has a finite index subgroup with deficiency greater than one. In particular, if the 
presentation has two generators and one relator which is a proper power, then the 
group it defines has a finite index subgroup with deficiency greater than one. 



4 Relative size of subgroups and the supermultiplicativ- 
ity of residual deficiency 

The definitions and results in this section follow similar lines to the ones in Section 2 
of [4]. 

Definition 4.1. Let G be a group, K a normal subgroup of G and g an element in G. 
Define the relative size of g in G with respect to K as follows. 

First suppose g £ K. Define i'{g;G,K) to be the supremum over {o{'il){a),G/K)}, 
where a € G is such that a^ = g for some integer n, and where ^ : G — > G/K. 

li g ^ K, consider all possible expressions of g as a" where n is a non-zero inte- 
ger. In this case, define i'{g; G, K) as the supremum over all integers arising in such 
expressions. 

The relative size of 5 in G with respect to K is defined as v{g; G, K)~^ . 

Note. We say that the value v{g]G,K) is infinite if the set {o{ip{a),G/K)} is not 
bounded. That is, if for every e > 0, there is a € G such that a" = (7, for some integer 
n, and o{ip{d), G/K) > e. In this case, the relative size of (7 in G with respect to K is 
defined as 0. 

Suppose iy{g; G, K) is finite. We call an element a G G which reaches the supremum 
in either of the conditions stated above, a minimal root of g in G with respect to K. 

Definition 4.2. Let K he a. normal subgroup in G and S = {si, . . . , Sm} ^ G. We 
define relsize{S; G, K) the relative size of S in G with respect to K to be 



relsize{S; G,K) = Y^ v{si; G, K)-^ . 



1=1 

Let M be a finitely generated normal subgroup of G. We define relsize{M; G, K) the 
relative size of M in G with respect to K to be 

relsize{M;G,K)= inf {relsize{S;G,K)}. 

|S|<oo 



25 



Remark 4.3. Note that Definition 3.1 may be restated in the following way. Let G and 
Q be as in Definition 3.1. Denote by Rq the inverse image of Rg under if : F„ — > G. 
Since R ^ Rq-, then 

rdef{Q) = n — relsize{R; FnjRa), 

rdef{G)= sup {|Xj — re/size(i?; F„, i?^)} , 

{X\R)^G 

where -F„ is freely generated by X and the supremum is taken over all finite presen- 
tations of G. Note that for uj & Fn and N a normal subgroup in F„, iy{uj; Fn, N) is 
always finite. 

Lemma 4.4. Let G be a group, H a finite index normal subgroup in G, K a normal 
subgroup in G and g an element in H . If u{g; G, K) is infinite, then u{g] H,H D K) is 
infinite too. 

Proof. First suppose g G K. Denote by V' the canonical surjective homomorphism 
from G onto G/K. If v{g;G,K) is infinite, then for all n € N there is an element 
a £ G such that o{tp{a), G/K) = m, where m > n. 

Let s = \G : H\ and suppose ^{g; H, H Ci K) = C. Consider s{C + 1) = n. Since, 
u{g]G,K) is infinite, there is a G G such that o{tjj{a),G/K) = m > s{C + 1). As 
s = |G:i7|,thena" £H. Since o{i; (a), G/K) = m > s{G + I), then o{ilj{a'),H/K) > 
G + 1 which contradicts the assumption that iy{g; H,H D K) = G. 

li g ^ K, then instead of considering o{ilj{a), G/K), we consider n € N, such that 
a"' = g. In this case, the arguments above work equally well. D 

Equivalently, this lemma says that if the relative size of 5 in G with respect to K 
is zero, then its relative size in H with respect to // n i^ is also zero. 

Lemma 4.5. Let G be a group. Consider H a finite index normal subgroup of G and 
K a normal subgroup of G. Let g be an element of H and suppose g has a minimal 
root a in G with respect to K . Denote by ip the surjective homomorphism from G to 
G/H. Then 

u{g;G,K) 



uig;H,KnH)> 



o{^j{a),G/H)- 



Proof. Let I = o{tp[a),G/H). First assume g ^ K and m = v{g;G,K). In this case 
a"^ = g. As g £ H and a' G H, then I divides m. Since (a')™/' = a"^ = g, then 
u{g;H,KnH) >m/l. 

Now suppose g £ K. Let m = u{g;G,K). By definition of u{g;G,K), a™ € K 
and a^ ^ K for all j < m. If / = o{il){a),G/ H), then a € H. Therefore, if n is the 
minimum common multiple of I and m, then a" £ H K. Since n is a multiple of /, 
then I divides n and hence a" = (a )"' . 

The element a belongs to H. Denote it by b. Then 6"' G K and b^ ^ K for all 
i < n/l. Since g and b are elements in H, then I'^g; H,K D H) > n/l > m/l, where the 
last inequality follows from the fact that n is a multiple of m. D 
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Theorem 4.6. Let M and K he normal subgroups of G, where M is finitely generated 
as a normal subgroup of G. If H is a finite index normal subgroup of G which contains 
M, then 

relsize{M; H,KnH) <\G: H\relsize{M; G, K). 

Proof. Let S = {si, . . . , Sd\ ^ G generate M as a normal subgroup in G. First suppose 
that the relative size of Si in G with respect to K is greater than zero for alH, 1 < i < d. 
Hence, consider the set A = {ai, . . . , a^}, where Oj is a minimal root of Sj in G with 
respect to K. Denote the centraliser of Si in G by CG{si). Let ki = \GG{si) : GH{si)\ 
and li = o{'ip{ai), G/H), where ip is the canonical surjective map from G to G/H. 

Let nj G N be such that a"' = Sj, where Si £ H. Then for all t & Z, a^ commutes 
with Si and hence the subgroup in G generated by Oj is in Cg(sj) for alH, 1 < i < d. 
Moreover, since k = o{ip{ai),G/H), then a/ £ H n Cg(sj) and a[ ^ Cnisi) for all r, 
1 < r < li. This means that if r and r' are integers such that 1 < r,r' < li, with r j^ r' , 
then a^ and a^ cannot be in the same coset of Cnisi) in Gcisi). Therefore, for each 
i, 1 < i < d, there are at most k distinct cosets of Cnisi) in Cg(sj) which contain an 
element of the form a*, where 1 < t < li. Hence, li < ki, for all i, 1 < i < d. 

Obtain, as in Lemma 3.3, a set S' = {sij} of generators for M as a normal subgroup 
of H, where i = 1, . . . ,d. Note that for each i the index j ranges from 1 to m/ki, where 
m=\G: H\. 

For each i, the set {sij} is obtained by conjugating Si by the elements in a transversal 
of Coisi) in G. Therefore, for each i, Sij and Sij' are conjugate to one another in G. 
Since both K and H are normal in G, the order of the image of Oi in G/H and the 
order of the image of Oj in G/K are invariant under conjugation. Moreover, if Oj is a 
minimal root of Si with respect to K and b is an element in a transversal of Gcisi) in 
G, then baib~^ is a minimal root of bsib~^ with respect to K. Therefore, for each i, 
i'{sij; H,K n H) = u{sij';H, K n H) for all j and / such that 1 < j,j' < m/ki. From 
this and Lemma 4.5 the following holds 

relsize{S'; H,Kr\H) = ^Y^ y{sif,H, K n H)'^ = ^ ^—-- — ^-u{si; H,Kn H)'^ < 

■ 1-1 . -I "-j 

1=1 ] = 1 4 = 1 

iZ ^-^^:^hHs^■, G, K)-' <\G:H\Y, Hs^■, G, K)-^ = (24) 

i=i '^' i=i 

\G: H\relsize{S;G,K). 

Hence, if S generates M as a normal subgroup of G, then S' generates M as a normal 
subgroup of H, and relsize{S'; H,K (1 H) < \G : H\relsize{S; G, K). Therefore, 

relsize{M; H,KnH)< relsize{S'; H,KnH)<\G: H\relsize{S; G, K), 

for all finite generating sets S. The result is then obtained by considering the infimum 
over all finite generating sets S on the right hand side of the previous inequalities. 

Now let us consider the situation when Sj has zero relative size in G with respect 
to K for some i, 1 < i < d. By Lemma 4.4 it has zero relative size in H with respect 
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to H D K. Moreover, as H and K are normal in G, and order is preserved under 
conjugation, then any conjugate of Sj by an element in G also has zero relative size in 
G and H with respect to K. Therefore, in eq. (24), if Sj has zero relative size in H 
with respect to K, then Sij, where 1 < j < m/ki, also has zero relative size in H with 
respect to H f] K, and hence they do not need to be considered in the computation. 

D 

We now prove that residual deficiency minus one is supermultiplicative. 

Theorem 4.7. Let G be a finitely presented group and H a finite index normal sub- 
group of G. Then 

rOeHG) - 1 < '•'"ig"^-' . (25) 

Proof. Let P = {X\T) be a finite presentation for G, where n = \X\, and let Q = (^15") 
be the presentation for H obtained by applying the Reidemeister-Schreier rewriting 
process to P. Suppose Y freely generates F^. Note k = \G : H\{n — 1) + 1. By eq. (24) 
in Theorem 4.6 

relsize{S; Fk, Rg) < \G : H\relsize(T; Fn, Rg)- 
Note that Rg ^ Fk in the previous inequality. Therefore, 

\G : H\{rdef{P) - I) = \G : H\{n - relsize{T; Fu^'Rg) - 1) = 

\G : H\{n - I) - \G : H\relsize{T; F„,i?G) < \G : H\{n - 1) - relsize{S; Fu^'Rg) = 

\G : H\{n - 1) + 1 - relsize{S; Fk,RG) - 1 = rdef{Q) - 1 < rdef{H) - 1. 

The result follows by taking the supremum over all finite presentations P of G on the 
left hand side of the previous inequalities. D 

By Theorem 4.7 the residual deficiency of a group is supermultiplicative on finite 
index normal subgroups. Therefore, following the spirit in Section 1, we define the 
residual deficiency gradient of G by 

RDG{G)=.n^>"^'^^''^-^ 



H<G I \G : H\ 

f 

which by Proposition 2.2 gives a multiplicative invariant and hence a generalised Euler 
characteristic. 

However, by Corollary 3.5, the residual deficiency gradient is the same as the defi- 
ciency gradient. One inequality is straightforward; it suffices to notice that for every 
finitely presented group G, def{G) < rdef{G). This then implies that DG{G) < 
RDG{G). By Corollary 3.5, rdef{G) - 1 < DG{G). Therefore, if iV is a finite index 
normal subgroup of G, then 

rdefjN) - 1 DG{N) _ 

\G:N\ "FT^" ^^' 

Taking the supremum on the left hand side, over all finite index normal subgroups of 
G, gives RDG{G) < DG{G). 
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5 The residual deficiency of quotients 

The following two results give lower bounds for the residual deficiency of quotients of 
a finitely presented group G. 

Proposition 5.1. Let G he a finitely presented group with non-trivial finite residual 
Rg- Say si, . . . , Sm are non-trivial elements in G contained in Rq- Denote by H the 
normal subgroup in G generated by S = {si, . . . , Sm}- Then 

rdef{G/H) > rdef{G) - relsize{S; G, Rg) 

Proof. Let P = {X\R) be a finite presentation for G, where X freely generates F^i, 
the non-abelian free group of rank d. First, separate S into two disjoint subsets Si 
and ^2, where the elements in 5*1 = {si . . . ,Sk} have relative size in G with respect 
to Rg greater than zero, and the ones in 5*2 = {sfc+ij • • • > ■5m} do not. Let ai, . . . , a^ 
be minimal roots in G with respect to Rg for si,. . . ,Sk, respectively. Moreover, let 
<?i) • • • ) 9fc £ N be such that af = Si, for 1 < i < k. 

Consider wi, . . . jWk G F^ such that ip{wi) = oi, . . . , ^{wk) = a^, for all 1 < i < fc, 
where ip is the canonical map going from Fa to G. If Wi = u^, for r > 1, then 
ip{uiY — ^(^0 = '■p{wi) = ai, which would imply that Cj is not a minimal root for 
Sj. Therefore, Wi cannot be expressed as a proper power of any other element in F^- 
Hence, if Wi = {wf^ ,... , wf'}, then 

relsize{Si;G, Rg) = relsize{Wi;Fci,RG)- 

If Q is a finite presentation for GjFL^ then by the definition of residual deficiency, 
we have rdef{Q) < rdef{G/H). We claim that for every e > 0, there is a finite 
presentation Q^ for G/H, such that 

rdefiQe) +e> rdef{P) - relsize{S; G, Rg). 

This would then imply 

rdef{G/H) + e> rdef{P) - relsize{S; G, Rg), 

for all e > 0, which means 

rdef{G/H) > rdef{P) - relsize{S;G,RG), 

for all finite presentations P of G. The result would then be obtained by taking the 
supremum over all finite presentations for G. 

Let Cfc+i, . . . , Om € G be such that o{')p{aj), G/Rg) > {m — k)e^^, for fc+l < j < m, 
where ip : G — > G/Rg- Such Oj exist since Sk+i, . . . ,Sm have zero relative size in G 
with respect to Rg. 

Suppose a-^ = Sj, for k -\- 1 < j < m. Let W2 = {tf^^^^^, • • • ,tf^} be a subset of 
Fa such that (p{wj) = aj. Then ip{w''^) = ip{wj)'^^ = Sj, foi k -\- 1 < j < m. Hence, 
Qs = {X \ R, Wi, W2) is a finite presentation for G/H. 
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Since 



First note that 

rdefiQe) = rdef{P) - relsize{Wi U W2;Fa,RG)- 

Second, that 

relsize{Wi UW2;Fd,RG) = relsize{Wi; Fd,RG) + relsize{W2;Fd,RG)- 

We aheady have that relsizeiWi; Fd, Rg) = relsize{Si;G,RG)- Moreover, given how 
we chose aj for /c + 1 < j < m, we have 

m m 

rdsize{W2;Fd,RG)< V o(V'(aj), G/i^c)"' < V -^ = e. 

j=fc+i j=fc+i 

Therefore, 

rdef{Qs) + e = rdef{P) + e - relsize{Si;G , Rg) - relsize{W2; F^jRg) > 
rdef{P) + e — relsize{Si; G, Rg) — £• 

relsize{S; G, Rg) = relsize{S\, G, Rg) + relsize{S2, G, Rg), 
and relsize{S2,G,RG) = 0, we obtain 

rdefiQe) + e> rdef{P) - relsize{S; G, Rg). 

D 

Theorem 5.2. Let G be a finitely presented group. Let gi, . . . ,gm be non-trivial el- 
ements in G with infinite order in G/Rg- Denote by Hn the normal subgroup in G 
generated by g^, . . . ,g^. Then given e > 0, there exists a natural number k, such that 
for all q € Z\{0}, we have 

rdef{G/Hkg) > rdef{G) - e. 

Proof. Let P = {X\R) be a finite presentation for G, where X generates F^ the non- 
abehan free group of rank d. Let R = {u^^ , • • • , w"''}, where Ui cannot be expressed as 
a proper power of any other element in F^, for aU i, 1 < i < r. Denote by /« the order 
of Ui in Fd/RG- 

As Fd/RG is residually finite, there is a finite index normal subgroup K of Fd, which 
contains Rg, such that the order of Ui in Fd/K is li, for all i, 1 < i < r. 

Let T be a positive natural number. Denote by Wj an element in Fd which corre- 
sponds to gj under cp, the canonical homomorphism from Fd to G. As the order of gj 
in G/Rg is infinite, so is the order of Wj in Fd/RG- Therefore, there is a finite index 
normal subgroup Lj of Fd, which contains Rg, such that w^ is not in Lj for all n <T. 
Note that this can be done for all j, 1 < j < m. 

Take M the intersection of K and fXjLiFj- The subgroup M is a finite index 
normal subgroup of Fd and contains Rg- Also, the order of Ui in Fd/M is li, for all 
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i, 1 < i < r. Consider kj the order of Wj in F^/M. Then, for every multiple q of kj, 
w'^ G M. Therefore, if k is the minimum common multiple of A;i, . . . , km, then w^ (z M 
for all J, 1 < j < m. 

Consider Q = {X \ R,w^'^, . . . ,Wm), where q € Z\{0}. The presentation Q is a 
finite presentation for the group G/Hkq. If M^ = {wi'^, . . . , Wm}, then since T < kj for 
all j, 1 <j <m, 

m m ^ 

relszze{W;F,,RG/Hj < ElT ^ E r' 



T 



As rdefiQ) > rdef{P) - relsize{W;Fd,RG/H,J, then 



qk ' 

m 



^def {G/Hkq) > rdefiQ) > rdef{P) -Y.^ = rdef{P) 



i=i 



m 
T ' ""^■' '' ' T' 



The natural number T was chosen arbitrarily. Therefore, take T such that m/T < e. 
Then rdef{P) — m/T > rdef{P) — e, and hence 

rdef {G/Hkq) > rdef{P) - e. 

The result follows by taking the supremum over all finite presentations P oi G. D 

Corollary 5.3. Let G he a finitely presented residually finite group. Let gi, . . . ,gm 
be non-trivial elements in G. Denote by H^ the normal group in G generated by 
gf,...,g^. If G has residual deficiency greater than one, then G/H^ has residual 
deficiency greater than one for an infinite collection of natural numbers k. 

Proof. Let gi, . . . ,gj have finite order in G while gj+i • • • , gm infinite order. Denote by 
li, . . . ,lj the orders of gi, . . . ,gj, respectively. Let / be the minimum common multiple 
oi li, . . . ,lj. Therefore, g\.,. . . ^g^- are all trivial in G. 

Since ^j+i, • • • ,gm. have infinite order in G, then by Theorem 5.2 there is a fc such 
that G/ {{gA.Yi ■ ■ ■ ■•9m)) has residual deficiency greater than one for all naturals g G N. 

Take A; to be a multiple of /. Note that as (/f , . . . , 5^ are trivial in G, then as normal 

subgroups in G we have {{g^^^i • ■ • idm)) = {{Oi' , ■ ■ ■ ,9rn))- The result then follows. 

D 

If the residually finite group is a non-abelian free group of finite rank, then the 
following lemma helps us say something more. 

Lemma 5.4. {[30], Lemma 2.4) 

For any finite collection of non-trivial elements gi, ■ . . ,gm of a non-abelian free group 
F and any number /c G N, there exists i^ € N with the following property. For every 
q > K , there is a finite index normal subgroup Nq < F such that for all 1 < i < m, 
gf ^ Nq whenever 1 < s < k, but gi £ Ng. 
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Consider k = m. By Lemma 5.4, there is an M € N such that for aU g > M there is 
a finite index normal subgroup Nq in F such that for alH, 1 < i < m, gf ^ Nq whenever 
1 < s < m, but gf € Nq. Consider F^ the non-abehan free group of rank d. Then, the 
residual deficiency of Fd/dgl, • • • ' 9"i)) is greater than or equal to d — J2^i l/lw- + !)> 
which is greater than one. Hence, 

Proposition 5.5. Let F^ be a non-abelian free group of rank d > 2, and let gi . . . , gt he 
arbitrary elements of F^. Then G = F^/ {{g\, ■ ■ ■ ,gm)) has residual deficiency greater 
than one for all hut finitely many g G N. 

The authors of [30] used Lemma 5.4 to prove that for all but finitely many g G N, the 
group G = Fr/{{g'l, . . . , gm)) has a finite index normal subgroup with deficiency greater 
than one. Example 3.7 shows that having a finite index normal subgroup with defi- 
ciency greater than one does not imply the group has residual deficiency greater than 
one. Therefore Proposition 5.5 says something stronger about G = F^/ {{g\, . . . ,gm))- 

Proposition 5.1 and Theorem 5.2 give lower bounds for the residual deficiency of 
a quotient G/M, where M is finitely generated. In some cases, the lower bounds are 
such that if the residual deficiency of G is greater than one, then the residual deficiency 
of G/M is also greater than one. The following discussion examines a case when the 
residual deficiency of G/M is not greater than one. The aim is to find conditions under 
which G/M has a finite index subgroup with residual deficiency greater than one. 

Theorem 4.6 says that 

relsize{M; H,KnH) <\G : H\relsize{M; G, K), 

where G is a finitely presented group, H a finite index normal subgroup oi G, K a, 
normal subgroup of G and M a finitely generated normal subgroup of G contained in 
H. The proof in Theorem 4.6 first shows that if S" = {si, . . . , s^} is a generating set 
for M as a normal subgroup of G, then 

relsize{S'; H,Kr\H)<\G: H\relsize{S; G, K), (26) 

where S' is a generating set for M as a normal subgroup in H, as obtained in 
Lemma 3.3. However, from eq. (24), the previous inequality is strict when either 
^{si; H, K n H)~^ < liv{si; G, K)^^ , or k/ki < 1, for some i, 1 < i < d. Finding con- 
ditions when vi^Si] H, K H H)^^ < liu{si; G, K)^^ has proved to be difficult. However, 
there are conditions that imply li/ki < 1. 

Before specifying these conditions, let us examine the utility of having a strict 
inequality in eq. (26). 

Suppose G is a finitely presented non-residually finite group. Let M be a finitely 
generated normal subgroup of G, contained in Rq, normally generated in G by S* = 
{si, . . . ,Sd}- Moreover, assume rdef{G) — relsize{S;G, Rg) > 1. It is worth noting 
that by Proposition 5.1 

1 < rdef{G) - relsize{S; G, Rg) < rdef{G/M). (27) 
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The residual deficiency of G/M may be greater than one. However, if there is no 
evident way of verifying it and U/ki < 1, then eq. (25) and a strict inequahty in 
eq. (26) give 

0<\G:H\ {rdef{G) - relsize{S; G, Rq) - l) < rdef{H) - relsize{S'; H, Rg) - 1. 

Hence, 

1 < rdef{H) - rdsize{S';H,RG) < rdef{H/M), 

where the last inequality is a consequence of Proposition 5.1. 

Therefore, if we have a strict inequality in eq. (26), the subgroup H/M, which is 
a finite index normal subgroup of G/M, has residual deficiency greater than one. In 
particular, all properties implied by having residual deficiency greater than one, which 
are inherited under finite index supergroups, are enjoyed by G/M. 

The following proposition gives conditions under which eq. (26) is a strict inequality. 

Proposition 5.6. Let G be a non-residually finite, finitely presented group, such that 
rdef{G) = n > 1, where n G N. Let W = {wi, . . . ,Wn~i} be a set of non-trivial 
elements in Rg- Suppose Wi, for some i,l<i<n — 1, is such that there is a non- 
trivial element a G CG{wi) — Rg- Then, either rdef[G/{{W))) > 1, or G/{{W)) has 
a finite index subgroup N such that rdef{N) > 1. 

Proof By Proposition 5.1 

rdef{G/{{W))) > rdef{G) - relsize{W;G, Rg). 

Since W has n — 1 elements, then relsizeiW; G, Rg) < n — 1. If relsize{W; G, Rg) < 
n-1, then rdef{G/{{W))) > 1. 

Suppose relsize{W; G, Rg) = n — 1. First, this means that 

rdef{G/{{W))) > rdef{G) - relsize{W;G, Rg) = l- 

Second, that v{wi;G,RG) = 1, for all i, 1 < i < n — 1. This implies that Wi has no 
minimal root in G with respect to Rg, with order greater than one in G/Rg- In terms 
of the notation in Theorem 4.6, if i7 is a finite index normal subgroup of G, then U = 1 
for alH, 1 < i < n — 1. 

Consider a the non-trivial element in CG{wi) — Rg- Since G/Rg is residually finite, 
then there is a finite index normal subgroup H in G, such that a ^ H. Therefore, 
h = \GG{wi) ■- CHi'Wi)\ > 1. Since k = 1 for all finite index normal subgroups H, then 
h/ki = 1/ki < 1. Then, by the arguments preceding Proposition 5.6, H/{{W)) =: N , 
is a finite index normal subgroup of G/{(W)) which has residual deficiency greater 
than one. D 

Example 5.7. In [37], D. Toledo proved the existence of short exact sequences 

1 — >K — >^ — ^r — ^1, 

with the following properties. The group F is residually finite and infinite. The group 
$ is finitely presented (the fundamental group of a smooth projective variety) and not 
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residually finite. The injection K — > <& is central. That is, K, as a subgroup of <l>, 
is contained in Z(^), the centre of $. Finally, as ^/K is isomorphic to T and T is 
residually finite, then R^ is contained in K. 

In order to apply Proposition 5.6, we need rdef{^) > 2. We do not know what is 
the residual deficiency of $, so take /c € N such that rdef{^) + k > 2 and consider 
G = (^ * Fk- Therefore, rdef{G) = rdef{^ * Fk) > rdef{^) + k >2. Moreover, since 
^ ^ G, then G is not residually finite. 

Note that Rq n <^ = R^. Therefore, if </) G $ - i?$ then (p ^ Rg- As T = ^/K is 
non-trivial and i?$ ^ K, then such (j) exists. 

Consider W = {wi, . . . , Wn} € R^, where n is such that rdef{^) + k — n = I. As 
R^ is contained in Z(^), then Wi commutes with all elements of ^, for all i, 1 < z < n. 
Consider {ti, . . . , tk} a free set of generators for F^- Let t be any of them. Then twit~^ 
commutes with all elements in t$t^^, for alH, 1 < i < n. 

So far we have twit''^ £ tR<^t^^ ^ tZ{<^)t-^ ^ t$t"^ ^ G. We also know that 
tR^t~^ ^ Rq and that if (/> G <1> — i?$, then not only (p ^ -^G but also t4>t~^ ^ i?G as 
-Rg is normal in G. Since tcfit"^ commutes with twit~^ for all </> G $ — i?$ and all i, 
then t(j)t~^ G CcitWit'^) — Rq for all G <1> — i?$ and any i, 1 < i < n. 

Let tVFt"-*^ = {twit~^ , . . . ,tWnt~^}. We already have that if (/> G <1> — -R$, then 
t0t~^ G Gcitwit"^) — Rg- Therefore, by Proposition 5.6, either the residual deficiency 
of G/{{tWt^^)) is greater than one, or G/{{tWt^^)) has a finite index subgroup with 
residual deficiency greater than one. 
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